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LOCAL ZETA FUNCTION FOR CURVES, NON 
DEGENERACY CONDITIONS AND NEWTON 

POLYGONS 

M.J. SAIA AND W. A. ZUNIGA-GALINDO 

^D . Abstract. This paper is dedicated to the description of the poles 

^^ ' of the Igusa local zeta function Z{s,f,v) when f{x,y) satisfies a 

new non degeneracy condition called arithmetic non degeneracy. 
More precisely, we attach to each polynomial /(x, y) a collection of 
convex sets r'*(/) — {F/^i, • • • , r/^j^} called the arithmetic Newton 

^^ ' polygon of f(x,y), and introduce the notion of arithmetic non 

degeneracy with respect to F (/). If L„ is a p— adic field, and 

f{x,y) e Ly [x,y] is arithmetically non degenerate, then the poles 

. of Z{s, /, v) can be described explicitly in terms of the equations of 

■^^ ' the straight segments that conform the boundaries of the convex 

(-H , sets r^^i,- • • , T f^i^. Moreover, the proof of main result gives an 

-y ' effective procedure for computing Z{s,f,v). 



<N ; 1. Introduction 

> . 

^ ■ Let L^ be a p— adic field, and v the corresponding a non-archimedean 

valuation. Let O^ the ring of integers of L„, P„ the maximal ideal 

C^^ ! of O^,, and L^ = O^j P^ the residue field of L^. The cardinality of 

Ly is denoted by q, thus L^ = ¥g. We fix a local parameter vr for 



o 



O I Oy. For z e Ly, I z \y:= g"^*^^) denotes its normalized absolute value. 

Given a non-constant polynomial g{x, y) G Ly[x, y], the Igusa local zeta 
c5 ■ function Z{s,g,v) attached to g{x,y) and Ly is defined as 



^ 



Z{s,g,v) := / I g{x,y) \l\ dxdy |, 

c^ ' where s G C satisfying Re{s) > and | dxdy \ denotes a Haar measure 

of Ll normalized so that the measure of Of, is one. 

Igusa showed that the local zeta function Z{s,g,v) is a rational 
function of g"**, for general polynomials with coefficients in a p— adic 
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field jS]. Igusa's local zeta functions are related to the number of 
solutions of congruences modulo p™ and to exponential sums modulo 
p"^. There are several conjectures and intriguing connections between 
Igusa's local zeta functions with topology and singularity theory j2]. 

This paper is dedicated to the description of the poles of the 
Igusa local zeta functions Z{s,f,v) when f{x,y) satisfies a new non 
degeneracy condition called arithmetic non degeneracy. More pre- 
cisely, we attach to each polynomial f{x, y) a collection of convex sets 
r^(/) = {Tfi, .., Tf^if^} called the arithmetic Newton polygon of /(x, y), 
and introduce the notion of arithmetic non degeneracy with respect to 
T^{f) (see section 4). 

The set of degenerate polynomials, in the usual sense, is a proper 
subset of the set of arithmetically non degenerate polynomials. In 
addition, for a fixed geometric Newton polygon r^'^°'" C M^, the set 
of degenerate complex polynomials in two variables with respect r^^"™ 
contains an open set, for the Zariski topology, consisting of arithmeti- 
cally non degenerate polynomials. 

Our main result gives an explicit list for the possible poles of Z{s, f, v), 
when f{x, y) G Li,[x, y] is an arithmetically non degenerate polynomial, 
in terms of the equations of the straight segments that conform the 
boundaries of the convex sets Tji,.., T f^i^ (see theorems 15. 1116. 1|) . More- 
over, our proof gives an effective procedure for computing Z(s, /, v). 

The notion of non degeneracy due Kouchnirenko ^ is useful in the 
computation of Milnor numbers, number of isolated solutions of poly- 
nomial equations, etc. The authors hope that the notion of arithmetic 
non degeneracy may be useful for other purposes, like those above 
mentioned, different from the description of the poles of local zeta 
functions. 

The description of the poles of the local zeta functions in terms of 
Newton polygons is a well known fact for non degenerate polynomials in 
the sense of Kouchnirenko [iH] , [10] , |H| , |1| , [HI , [IZ| • In the degenerate 
case there are no previous results showing a relation between the poles 
of local zeta functions and Newton polygons. 

The poles of Z(s, /, w), for a general polynomial / in two variables, 
can be described explicitly in terms of a resolution of singularities for 
/ (see [H], [in], [H], 1Z|, [I2|)- The main result of this paper is com- 
plementary to the mentioned results. Indeed, our main result produces 
an explicit hst of candidates for the poles of Z{s,f,v) without using 
resolutions of singularities, but this result is only valid for a large class 
of polynomials. 

In this paper, we work with p— adic fields of characteristic zero, how- 
ever all results are valid in positive characteristic. 

This paper is organized as follows. In the section 2, we review some 
well-known results about geometric Newton polygons, non degeneracy 
conditions in the sense of Kouchnirenko, and certain p— adic integrals 
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attached to non degenerate polynomials. In section 3, we compute 
explicitly the local zeta function of some degenerate polynomials, in the 
sense of Kouchnirenko. These examples constitute the basic models for 
the effective computation of the local zeta functions of arithmetically 
non degenerate polynomials. In section 4, we introduce the notion of 
arithmetic Newton polygon and arithmetic non degeneracy condition. 
In section 5, we compute the several j9— adic integrals that appear in 
the effective computation of the local zeta function of an arithmetically 
non degenerate polynomial. In section 6, we prove the main result. 

2. Preliminaries 

2.1. Geometric Newton polygons. We set IR+ = {x G M | x ^ 

0}. Let f{x,y) = J2(ij)'^i,j^^y'' be a non-constant polynomial in two 
variables with coefficients in a field K satisfying /(0, 0) = 0. The 
set supp{f) = {{i,j) G N^ I ttij 7^ 0} is called the support of /. The 
geometric Newton polygon r^^°'"(/) of / is defined as the convex hull 



m 



d2 



of the set U(i,j)esuMf) ((^'i) + ^+) • 



By a proper face 7 of r^^°™'(/), we mean a non-empty convex set 
7 obtained by intersecting Y^'^°"^{f) with an straight line H, such that 
-pc/eom^j^ is contained in one of two half-spaces determined by H. The 
straight line H is called the supporting line of 7. Thus the faces can be 
points (zero-dimensional faces) or straight segments (one-dimensional 
faces). The last ones are also called facets. 

If 7 is a face of r^^°™'(/) its face function is defined to be the 
polynomial 

Mx,y) ■■= Yl (^ij^'y^- 

Definition 2.1. A non-constant polynomial f{x,y) satisfying f (0,0) = 
is called non degenerate with respect to r^e°™'(/), in the sense Kouch- 
nirenko, if it satisfies: 

(1) the origin of K^ is a singular point of f{x,y); 

(2) for each face '-f C pseom^j^^ including r^'^°"^{f) itself, the system 
of equations 



does not have solutions on K^"^ . 



We set (., .) for the usual inner product in M^, and identify the dual 
vector space with M?. For a G M^, we define 

mia) := inf \{a,x)}. 

Given any a G M^ \ {0} the first meet locus F{a) of a is defined as 
F{a) := {x G n^°'"(/) | {a,x) = m{a)}. 
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The first meet locus F{a) of a G M^ \ {0} is a proper face of r^^°'^(/). 
Given a proper face 7 of r^^°™(/), the cone associated to 7 is defined 
to be the set 

A^ := {a G M^ \ {0} | F{a) = 7} . 

We define an equivalence relation on M^ \ {0} by 

a ^ a' if and only if F{a) = F{a'). 

The equivalence classes of ^ are the cones A^. The following two 
propositions describe the geometry of the equivalences classes of ^ 
(see e.g. |I31, 0). 

Proposition 2.1. Let 'j be a proper face of r^'^°"^{f). If '-y is a one- 
dimensional face and a is perpendicular vector on 7, then 

(2.1) A^ = {aa I a G M, a> 0}. 

If 'y is a zero- dimensional face and Wi,W2 are the facets of T'^'^"'^ (f) 
which contain 7, and ai,a2 are vectors which are perpendicular on re- 
spectively wi,W2, then 



(2.2) A^ = {aiOi + 02(32 I Oj G M, a^ > 0} . 

A set of the form ()2.2|1 (respectively ()2.Hl ) is called a cone strictly 
positive spanned by the vectors {01,02} (respectively by {a}). Let A 
be a strictly positive spanned by a vector set A, with A = {oi, 02}, or 
A = {a}. If A is linearly independent over M, the cone A is called a 
simplicial cone. In this last case, if the elements of A are in Z^, the 
cone A is called a rational simplicial cone. If A can be completed to 
be a basis of Z— module Z^, the cone A is called a simple cone. 

A vector a G M^ is called primitive if the components of a are positive 
integers whose greatest common divisor is one. 

For every facet of r^^°'"(/) there is a unique primitive vector in M^ 
which is perpendicular to this facet. We denote by D the set of such 
vectors. Thus each equivalence class under ^ is a rational simplicial 
cone spanned by elements of D. 

From above considerations follow that there exists a partition of M^ 
of the form: 



(2.3) M^^ = {(0,0)}U U A„ 

7crs'=°'"(/) 

where 7 runs through all proper faces of r3'^°'^(/). We shall say that 
{A^} P3go„,.s is a simplicial conical subdivision of M^ subordinated 
to r3<=°"^(/). 
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2.2. Local zeta functions and conical subdivisions. Let f{x, y) G 
L^[x,y] be a non-constant polynomial satisfying /(0,0) = 0, and 
pgeoTO^y^ its geometric Newton polygon. We fix a simplicial conical 
subdivision {A^} pg<.o,„,,> of M^ subordinated to r^'^°'^(/). We define 

Ea, := {{x,y) e Ol I {v{x),v{y)) G A^}, 



and 



Z{sJ,v,A^):= / \ f{x,y)\l\dxdy\, 

Z{sJ,v,Of) := / I f{x,y) \l\ dxdy \ . 

With the above notation, it follows from partition ()2.H|1 that 

(2.4) Z{s,f,v) = Z{s,f,v,Of)+ Yl Z{s,f,v,A^). 

7crs'=°'"(/) 

Therefore the computation of the integral Z{s, f,v) is reduced to the 
computation of integrals of type Z{s, f, v, O^^) and Z{s, f, v, A^). In 
the case in which / is non degenerate with respect r^^°™'(/), the above 
mentioned integrals can be computed explicitly using techniques of 
toroidal geometry, and the p— adic stationary phase formula theorem 

10.2.1], m, m, [H!, CHI. 

For a general / formula ()2.4j) is still valuable, if / does not 
have singularities on {L^) . By applying the stationary phase for- 
mula (abbreviated SPF) repeatedly, it is possible to compute effectively 
Z{s, f,v,0^^) (see [121 lemma 3.1], or |^ lemma 2.4]). For a future 
reference we restate this result here. 

Lemma 2.1. Let gm{x,y) = go{x,y) + Tr"^gi{x,y) G Ly[x,y] be a non- 
constant polynomial, m ^ 1, such that gm{x,y),and go{x,y) do not 
have singular points on (L^) . There exists a constant c{go) such that 
if m ^ c((7o); th^TT' 

,x2n /■ , „ /^ .A IS, j^j.. , U{q- 



Z{s,gm,v,0^ ) = / \ go{x,y)\l\dxdy 



l-q- 



o^'' 



with U{q ■") ( 

The computation of the integrals Z{s, f,v,A^) presents two cases. 
If f.y does not have singularities on (L^) , we shall say that / is 
non degenerate on 7. In this case the integrals Z{s, f,v, A^) can be 
computed by using known techniques [TU], |1], [12], [HI. For a future 
reference we restate this result here. 

Lemma 2.2. Let f{x,y) G Ly[x,y] be a non-constant polynomial such 
that /(O, 0) = 0, and f does not have singular points on (L^) . 
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'1) If A^ is a two-dimensional cone, and f^{x,y) does not have 
singularities on the torus [L^) , then 

Z{s,f,v,A,)= f/i(g-^)G 



(2) If A^ is a one- dimensional cone, and f^{x,y) does not have 
singularities on (L^) , then 

where ax + hy = d^ is the equation of the supporting line of 
the facet 7. 

The core of this paper is the exphcit computation of integrals of 
type 

when / is degenerate on A^, but satisfies a new non degeneracy 
condition. This will be done in sections 4, 5. 

Remark 2.1. Given a A be a rational simplicial cone, there exists a 
partition of A into simple cones ^ page 32-33]. This fact can be used 
to obtain a partition o/M^ in simple cones. In this case, it is possi- 
ble to compute the integral Z{s,f,v,A) in a simple form, when f is 
non degenerate, in the sense of Kouchnirenko. However this procedure 
produces a larger list of candidates to poles for Z{s, f, v, A). 



3. Model cases 

In this section we shall compute explicitly the local zeta functions 
for some degenerate polynomials, in the sense of Kouchnirenko. These 
examples constitute the basic models for the effective computation of 
the local zeta functions of arithmetically non degenerate polynomials. 

3.1. The local zeta function of {y^ — x^)^ + x'^y'^. We assume that 
the characteristic of the residue field of L^ is different from 2. The 
origin of L^ is the only singular point of /(x,?/) = (y^ — x^)^ + a;^y^.This 
polynomial is degenerate with respect to its geometric Newton polygon. 
The conical subdivision of M^ subordinated to the geometric Newton 
polygon of /(x,|/) is 

9 
(3.1) M^ = {(0,0)}UUA,, 
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with 



(3.2) 



Ai 


= (0, 1)M+ 


A2 


= (0,1)M+ + (1,1)M+ 


A3 


= (1,1)M+ 


A4 


= (1,1)M+ + (3,2)M+ 


A5 


=: (3,2)M+ 


As 


= (3,2)M+ + (2,1)M+ 


A7 


= (2, 1)M+ 


As 


= (2,1)M+ + (1,0)M+ 


A9 


= (1,0)M+ 



In addition, all the Aj are rational simple cones. By using the above 
subdivision is possible to reduce the computation of Z{s,f,v) to the 
computation of Z{s, f, v, O^^), and Z{s, f, v, Aj), i = 1,2, 3, 4, 6, 7, 8, 9 
(se^OI). 

3.2. Computation of Z(s, /,f, O^^). Since /(x,?/) does not have sin- 
gularities on (L^) the integral can be computed by using SPF [3 
theorem 10.2.1]: 



Z{s,f,v,Of)= {l-q-^Y-q~^N{f) 



1\ ^~s 



q-\NU)-l){l- q-')q 
1 - q-^-' 



with Ar(/) = Card(Uu,v) G (F^^)^ | f{u,v) = Q\\. 

3.3. Computation of Z(s, /, f, Aj), i = 1,2,3,4,6,7,8,9. These in- 
tegrals correspond to the case in which / is non degenerate on Aj, 
i = 1, 2, 3, 4, 6, 7, 8, 9. The integrals corresponding to Aj, i = 1,2, 
can be calculated as follows. 

3.3.1. Case Z{s, f,v,Ai). 

00 „ 

Z{s,f,v, Ai) = ^ / \ f{x,y) \l\dxdy\ 

n=l 



00 



n=l 
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3.3.2. Case Z(s, /, f , A2). 



00 00 

m=l n=l 



Z{s,f,v, A2 



-2m~n—ims 



oi- 



00 00 

EE 

m=l n=l 



/(x,?/) 1^1 dxdy 



■k"^Ov XTT" + -^0^ 



^^3n+my3 _ ^2)2 ^ ^4m+4n^4^4 |s| ^^^^ 



(l-g-i)g 



-1 Q 



-2-4:3 



;i-'? 



-2-4s\ ■ 



The other integrals can be computed in the same form. The following 
table summarizes these computations: 



(3.3) 



Cone 


Z{s,f,v,A) 


Ai 


q-'{l-q-') 


A2 


{^-q-')q-'T^^^, 


A3 


u q ) (i_,-2-4.) 


A4 




-12s-) 


As 


(l-g-i)^g-«-i«= 




(l-g-5-i2=)(l-g-3-6») 


A7 


(l_g-l)2g-3-.s 
(l_g-3-6s) 


As 


(l-g-^)g-4-''- 
(l-g-3-6=) 


Ag 


q-\l-q-') 



3.4. Computation of Z(s, f,v, A^) (an integral on a degenerate 
face in the sense of Kouchnirenko) . 



ZisJ,v,A5) = 2_^ / \ f{x,y) \l\dxdy\ 

r) = l 

00 „ 

(3.4) = ^g'5"-12- / 1(^3 _ ^2)2 ^ ^8n^4^4 |s| ^^^^ | _ 



n=l 



0,^2 



We set f^'^\x,y) = (y^ — x^Y + 7r^"x^?/^, for n ^ 1. In order to 
compute ()3.4p . we first compute the integral 



(3.5) /(s,/^"\t;): 



(y' - xy + 7r«"xy |:| rfxrfy I , n ^ 1. 



o„-2 



For that, we use the following change of variables 

$ ■ 0^2 ^ (0X2 

{x,y) — > {x^y,x'^y). 



(3.6) 
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The map $ gives an analytic bijection of O^^ onto itself, and pre- 
serves the Haar measure because its Jacobian J$(x, y) = x'^y satisfies 
I J^{x,y) |„= 1, for every x,y E O^ . Thus 

(3.7) /(")o$(x,y) = xVi^(x,l/), 
with 

(3.8) /W(a;,y):=(y-l)2 + vr«Vl/^ 
and then from ()3.6|1 . and ()3.7|1 . it follows that 

(3.9) /(s,/("),tO= / \WK^,y)\:\dxdy\. 



qX2 



In order to compute the integral /(s, /'•"\f), n ^ 1, we decompose 
O^^ as follows 

(3.10) Of = U O^x {yo + vrOJ IJO' >< (^ + ^O'^}' 

^0^1 mod n 

where yo runs through a set of representatives of F^ in O^. From 
partition ()3.1()j) . and ()3.8j) . it follows that 

(3.11) ^ 

/(., /("), v) = {q- 2)q-\l - q-') + j \ f»{x, y) \l\ dxdy \ . 

Oix{l+TTOv} 

The integral in the right side of ()3.1H) . admits the following expansion: 
(3.12) 

oo „ 

J(s,/("),t;) = {q-2)q-\l-q-')+J2^'' J I /("H^, 1+^''^) l^l dxdz |, 

where /(")(x, 1 + tt^z) = ti"^^ z^ + 7r®"x^(l + tt^z)'^. In the next step, we 

compute exphcitly | /("■^(x, 1 + 7i^z) \l, for a fixed n ^ 1. In this case, 
this can be done by a simple calculation: 

(3.13) 

__ ( q-^^' if 1 ^ j ^ 4n - 1, 

I /(")(a;, l + TT-'z) |^= < q-^""' \z^ + x^{l + 7r^z)*\l if j = 4n, 

[ ^-8n. jf j ^ 4n + 1, 

for any {x, z) G Of. 

We note that the explicit computation of the absolute value of | 

/(")(x, 1+t:^ z) |j, depends on an explicit description of the set {(w, 2;) G M^ | w ^ min{2z, 8n}} 
for a fixed n. 
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Now from (jTT2|l . (J8T3|l , and the identity Y. z^ = ^^-f*\ we 



obtain an explicit expression for /(s, fn,v): 



l-z 
k=A 



I{s,f-\v) = {q-2)q'\l-q-') + {l-q-')'-^ 



-l-2s 



g-i-2« 



-4n— 8ns 

-(1 - Q-'Yt^^—TZ^ + q-^'^'Iois) 



-1^2 _^^ I ^-4n-8ns 

'l_q~l-2s^ 



— l/l ^— 1^^— 4?i— 8ns 



(3.14) +g-l(l_g-l)g 

where 



(3.15) Io{s):= / \z'+x\l + 7T^''zy\l\dxdz 



Since the reduction modulo n of the polynomial z + a; (1 + n z 



does not have singular points on F^^, because the characteristic of the 



residue field is different of 2, SPF implies that Io{s) = ^_^ „i_l) , where 
Ui{q~^) is a polynomial in g"'' independent of j and n. 

Finally, from ()3.4p . ()3.9|) and ()3.14|) . we obtain the following explicit 
expression for Z{s, f, v, A5) : 

(g-2)(l-g-i)g-^-^2- (1 - g-i) V^^^^^ 

Z(s,/,t;,A5) = -TTT^- + 



(l_g-5-12s) (l_g-l-2s)(l_^-5-12s 

;i _ g-l)2^-9-20s g-9-20«f/i(g--) 



+ 



(3.16) 



[l-g-l-2«)(l-g-9-20«) (l-g-l-«)(l_g-9-20s) 

:i - g-l)g-10-20s 



^-9-20s\ 



From the explicit formulas for Z{s, f,v,Ai), i = 1,2, ■■■ ,8, and 
Z{s, f,v,0^'^) (see (13. 3|) . ()3.1fi|l ). it follows that the real parts of the 
poles of Z{s, f, v) belong to the set 

(3.17) {_l}U{4}U{-i,~}. 

3.5. The local zeta function of (y^ — x^Yiy^ — ax^) + x^y^. We set 
g{x,y) = {y^ — x^Y{y^ — ax'^) + x^y^ G L^[x,y], with a G O^, and 
a ^ 1 mod TT. We assume that the characteristic of the residue field of 
L„ is different from 2. The polynomial g is degenerate with respect to 
its geometric Newton polygon. In addition, the origin of Li is the only 
singular point of g. 

By using the same decomposition of M^ into rational simple cones 
as in the above example, it is possible to reduce the computation of 
Z{s,g,v) to the computation of the p— adic integrals Zi^s^g^v^O^"^), 
Z{s,g,v,Ai),i = I,---, 8, 9. 
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3.6. Computation of Z{s, g, v, O^"^). Since g{x, y) does not liave sin- 
gularities on (L^) the integral can be computed by using SPF 
theorem 10.2.1]: 



Z{s,g,v,Of)= {l~q-'y~q-'N{g) 



q-\N{g)-l){l-q-^)q 
1 - g^i-^ 



with N{g) = Card (Uu,v) G (F^^)^ | g{u,v) = o}V 

3.7. Computation of Z{s,g,v,Ai), i = 1, 2, 3, 4, 6, 7, 8, 9. These 
integrals can be computed as the corresponding integrals in the pre- 
vious example. The following table summarizes these computations. 



(3.18) 



Cone 



Ai 



A, 



A, 



A4 



A, 



Av 



A« 



Z{s,g,v,A) 



q '{l-q- 



[i-q 



-i^_2: 



(l-g-^-e^ 



;i-g- 



1\2 q 



;i-g 



-1\2 



(l_g-2-6s) 



{l~q~'rq 



(l-g-^-6'')(l-g- 



i\'2'-ii~'2Vs 



(i-q- 



-lY2„-i-<)3 



{l-q-'Vl 



^)(l-g-3-9^) 



(l_g-3-9s) 



_Jl_g-3-9s) 



3.8. Computation of Z(s, f,v, A^) (an integral on a degenerate 
face in the sense of Kouchnirenko) . 



Z{s,g,v,A5 



E 

n=l 



g{x,y) \l\ dxdy 



7r3"O^X7r2"0; 



(3.19) = Y, g''"~''"' / \{y^- x^f{y^ - ax^) + vr^Vi/^ |:| dxdy 

n=l 



oi'' 



We set g^^\x,y) = {y^ — x'^y{y^ — ax"^) + vr^'^x''?/'', for n ^ 1. In 
order to compute ()3.19|) . we first compute the integral 
(3.20) 

I{s,g^'^\v):= [ \{y'^-xy{y^-ax^)+7r^''xY\l\dxdy\,n^l. 



oi- 



By using the change of variables $(x, y) defined in ()3.(i|l . we have that 



(3.21) 



/")o$(x,y)=xV^W(x,y), 
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with 

(3.22) (?W(x, y) = {y- lf{y - a) + vr^Vy^. 

Since ^{x,y) gives a bijection of O^"^ onto itself preserving the Haar 
measure, it follows from ()3.2()j) . and ()3.2H1 . that 

(3.23) I{s,g^^\v) = I I ^(a;,y) |:| dxdy \ . 



oi^ 



In order to compute the integral I{s, g^^\v), we decompose O^^ as 
follows: 

Of = {0^x{yo + nO,\yo^hamodn})\J{0^x{l + nO,}) 
(3.24) |J(0,^x{a + 7rOJ). 
From the above partition follows that 

I{s,g^-\v) = (l-g-V'(g-3) 

CO „ 



oo „ 

(3.25) +$^g"'' y I ^(")(x,a + 7r^i/)|:|dxd|/|, 

with 

(3.26) (7(")(x, 1 + Ti'y) = n^^-f,,,{x,y)y^ + 7^'"72J(x,y)x^ 

(3.27) 7ij(x,|/) = 1 -a + vr-'y, 72j(x,|/) = (1 + vr-'i/)^ 
and 

(3.28) g("''>{x,a + 7r^y) = 7r^6i{x,y)y + 7r'^''62{x,y)x'^, 
^ij(a;, y) = (a - 1 + 7^^y)^ 52,i(a;, y) = (a + vr^y)^. 

In the next step, we compute explicitly | g^'^\x,l + ir^y) \l, and 

I (y'(")(x, a + TT^y) \l, for a fixed n ^ 1. By some simple calculations, it 
holds that 

(3.29) 

^W(x, 1+TT^y) \l= { g-2ns I ^^^.(^x,y)y^ + -f2,jix,y)x^ \l if j = n, 

g,-2?is jf j ^ n + 1, 
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for any (x, z) G O^^, and 
(3.30) 

{q-^' if 1 ^ j ^ 2n - 1, 
g-2"^ I (5i,,(x, y)y + 62,j{x, y)x^ \l if j = 2n, 
q-2ns if j ^ 2n + 1. 

We note that the exphcit computation of the absolute values of | 

5'(")(x, 1 + T^^y) It,, respectively, | g'-'^\x,a + n^y) \y depends on an 
explicit description of the set 

{{w,z) eR"^ \w ^ min{2z, 2n} } , 

respectively, of the set 

{ {w, z) eM."^ \ w ^ minj^;, 2n}^ , 

for a fixed n. 

Now, from ipT^ . (jT^ . (nOn|) and the identity ^ z'' = ^^f^, 

k=A 

we obtain the following explicit expression for I(s,g^'^\v): 



-i\2 q 



-l-2s 



I{s,g^-\v) = q-\l-q-^)(q-3) + {l-q-y- 



-l-2s 



(1 - ^-'T Y=^ + ^-"-^"^A(^) + ^-' (1 - 'z-^) ^-" 



-n2 g~^"' /, _n2 g-2"-2ns 



+ (1 - ^-^)^ TZ^TT^ - (1 - ^")^ fr^TTTi + r"^/2(.) 
(3.31) +q-^ (1 - g-i) g-2n-2„.^ 
where 

A(s) : = / I 7i,„(x,y)y^ + 72,n(a;,2/)x^ 1^1 (ixdz 



o„^2 



(3.32) /2(s) : = / \5i^2nix,y)y + 62,2nix,y)x^ \l\dxdz\ . 



Since the reduction modulo n of the polynomials 7i,„(x, y)y'^+'y2,n{x, y)x'^ 
and 5i^2n{x,l 
because the 
implies that 



and Si^2n{x,y)y + S2,2n{x,y)x^ does not have singular points on F^^^ 
because the characteristic of the residue field is different from 2, SPF 



Ui{q- 



1 - q-^-' 
U2{q~') 



his) 

(3.33) his) i_^_i_,, 

where f/i(g~'^), and Uiiq^^) are polynomials in g~'^, independent of j, 
and n. 
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Finally, from ()3.19|) . and ()3.3H) . we obtain the following explicit ex- 
pression for Z{s, f, V, A5) : 



Z{s,f,v,A5 



l^^-6-18s /I „-l\2„-6-20s 



(g-3)(l-g-i)g-6-i8s (1 _ ^-1)2^ 



(l-g-i)2g-6-20^ g-6-20«t/i(g-^) 






;i-g-6-20^) (l-g-i-«)(l-g-5-i8.) 

^ (1 - q-^q-'-^^^ q-'-'''U2{q-') 



(3.34) + 



[l-g-i-^)(l-g-7-20s) (i_g-i-.)(i_g-7-2o.) 

:i - g-l)g-8-20^ 



:i-g-7-20s) • 

From the explicit formulas for Z{s,f,v,Ai), i = 1,2, ■■■ ,8, and 
Z{s, f, V, O^^) (see dSUl), (ESI)), it follows that the real parts of the 
poles of Z{s, f, v) belong to the set 

(3.35) {-nU{-44'U{4--i^'U{-^>- 

4. Arithmetic Newton polygons and arithmetic non 
degenerate polynomials 

In this section we introduce the notions of arithmetic Newton poly- 
gon and arithmetic non degeneracy for polynomials in two variables. 
The set of arithmetically non degenerate polynomials contains strictly 
the set of non degenerate polynomials in the sense of Kouchnirenko. In 
addition, an explicit list of candidates for the poles of a local zeta func- 
tion associated to an arithmetically non degenerate polynomial can be 
given in terms of the corresponding arithmetic Newton polygon (see 
section 6). 

4.1. Arithmetically non degenerate semi-quasihomogeneous poly- 
nomials. 

Definition 4.1. Let K be a field, and a, b two coprime positive inte- 
gers. A polynomial g{x,y) G K[x,y] is quasihomogeneous with respect 
to the weight (a, b), if it has the form 

I 

(4.1) ^(x,l/) = ca;V^(^"-"^^T^ ^ G i^^ 

From the definition follows that a quasihomogeneous polynomial 

g{x, y) satisfies 

(4.2) g{t''x,t^y) = t'^g{x,y), for every t e K"" . 
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The integer d is called the weighted degree of g{x,y) with respect to 
(a, b). We note that our definition of quasihomogeneity coincides with 
the standard one (i.e. with ()4.2j) ) after a finite extension of K. 

Definition 4.2. A polynomial g{x,y) G K[x,y] is a semi-quasihomogeneous 
polynomial with respect to the weight (a, h), if it has the form 

(4.3) g{x,y) = ^gj{x,y), 

j=0 

where each gj{x,y) is quasihomogeneous of weighted degree dj with re- 
spect to (a, b), and d^ < di < ■ ■ ■ < di^. 

The polynomial go{x, y) is called the quasihomogeneous part of g{x, y). 

If 

k 

go{x,y) = cx^''y^°l[{y'^ - ai,oxT'° 

has singular points on the torus (K^) , i.e. if Cj^o > 1, for some i = 
1, 2, ■ ■ ■ , /o, then g{x, y) is degenerate, in the sense of Kouchnirenko, 
with respect to its geometric Newton polygon T^'^°^[g). 
We put 

h 

(4.4) /,(x,i/) := c.x^^y^^ \{ [y'^ - a^.jx'Y'^' , c, G K\ 

i=\ 

dj for the weighted degree of fj{x,y) with respect to (a, 6), i.e. 
dj := ab \ ^^ ^i,j + o-Uj + bvj, 

and 

h 

(4.5) f{x,y) = J2fj{x,y), 

j=0 

with do < di < ■ ■ ■ < dij. From now on, we shall suppose that /(x, y) 
is a degenerate polynomial in the sense of Kouchnirenko. 

Definition 4.3. Let f{x,y) G K[x,y] be a semi-quasihomogeneous 
polynomial, 9 G K^ a fixed root of fo{l,6"') = 0, and Cj^g the mul- 
tiplicity of 9 as root of the polynomial function fj{l,y°-). To each 
fj{x,y) in (1^.51 ), we associate an straight line of the form 

Wj^e{z) ■■= {dj - do) + Cj^ez, j = 0, 1, ■ ■ ■ , //, 

and define the arithmetic Newton polygon Tfg of f{x,y) at 6 as 

T/.e := {{z,w) G M+ | w ^ min {wj,e{z)}. 

0<J<«/ 
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The arithmetic Newton polygon T^[f) of f{x,y) is defined to be the 
set 

r^(/):={r;,, \eeK\ /o(i,r)=o}. 

We note that 9 is one of the ai^. In addition, r'^(/) is a finite 
collection of convex sets, and no just a convex set as is r^^°™'(/). 

If the polynomial fo{x, y) is interpreted as the weighted tangent cone 
of /(x, y), then for each tangent direction of the form (^ : 1), ^ G K^ , 
there exists an arithmetic Newton polygon T fQ at 9, and all these 
Newton polygons constitute the arithmetic Newton polygon r^(/) of 
f{x,y). 

Let ^ be a fixed root of /o(l, 9°') = 0. A point Q of the topological 
boundary of T f^g is called a vertex, if Q = (0, 0) or if it is the inter- 
section point of two different straight lines of the form Wj^o{z). Let Qk, 
k = 0,1,- ■ ■ , r, denote the vertices of the topological boundary of Tf^g, 
with Qo := (0,0). The boundary of Tf^e is conformed by r straight 
segments, a half-line, and the non-negative part of the horizontal axis 
of the {w,z)— plane. We put 

(4.6) Wk,e{z) = (Vk-do) +SkZ, /c = 1, 2, ■ ■ ■ ,r, 

for the equation of the straight segment between Qk~i and Qk, and 

(4.7) Wr+i,e{z) = (Pr+i - do) + Sr+lZ, 

for the equation of the half-line starting at Qr- With this notation it 
has that 

(4.8) Qk = (Tk, (Vk - do) + SkTk), /c = 1, 2, ■ ■ ■ , r, 
with 

(4.9) r,:=(5^±l-^>0, A: = l,2,...,r. 

c-k — Ok+l 

We note that Vk = dj^, and £k = ^jkfi^ for some index jk- In particular, 
Vi = do, Si = Cofi, and the first equation is Wifi{z) = Siz. The slope 
Sr+i may be 0. 

Let Q be a vertex of the boundary of Tf^e . The face function 
fQ{x,y) is defined to be the polynomial 

(4.10) fQ{x,y):= Yl ^^•(^'^)' 

■Wj,e{Q)=0 

where Wjfi(z) is the straight line corresponding to fj{x,y). 

Now we introduce a new notion of non degeneracy with respect to 
an arithmetic Newton polygon. 

Definition 4.4. A semi-quasihomogeneous polynomial f{x,y) G K[x,y] 
is called arithmetically non degenerate with respect to Tf^g at 9, if it sat- 
isfies: 

(1) the origin of K"^ is a singular point of f{x,y); 
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(2) the polynomial f{x,y) does not have singular points on (K^) ; 

(3) the system of equations 

(iocs not have solutions on (K^) , for each vertex Q ^ (0, 0) of 
boundary ofTf^g. 

A semi-quasihomogeneous polynomial f{x,y) G K[x,y] is called 
arithmetically non degenerate with respect to T^{f), if it is arithmeti- 
cally non degenerate with respect to Tfg , for each 9 G K^ satisfying 
/o(l,^°) = 0. 

4.2. Arithmetically non degenerate polynomials. Let f{x,y) G 
K[x, y] be a non-constant polynomial, and r^^°™'(/) its geometric New- 
ton polygon. Each facet 7 C r^'^°"*(/) has a perpendicular primitive 
vector a^ = (01(7), 02(7)) and the corresponding supporting line has 
an equation of the form (a^, x) = d{pf). 

Definition 4.5. Let f{x,y) G K[x,y] be a non-constant polynomial 
such that f{x,y) is semi-quasihomogeneous with respect to the weight 
a^, in the sense of the definition \4.^ for every facet 7 of Y^^°'^{f). 
Let r'^(/, 7) be the arithmetic Newton polygon of f{x,y) considered 
as a semi-quasihomogeneous polynomial with respect to the weight a^. 
The arithmetic Newton polygon T^{f) of f{x,y) is defined to be the 
set 

r^(/):= U r^(/'^)- 

{7 a facet o/r9=°™(/)} 

We note that the construction of the arithmetic polygon of / needs 
that /^ can be factored as in ()4.4j) . for every facet 7 of r^^°™'(/). This 
condition can always be attained by passing to a finite extension of K. 

Definition 4.6. A polynomial f{x,y) G K[x,y] is called arithmeti- 
cally non degenerate with respect to its arithmetic Newton polygon, if 
for every facet 'J of r^^°'"(/), the semi-quasihomogeneous polynomial 
f{x,y), with respect to the weight a^, is arithmetically non degenerate 
with respect to r^(/, 7). 

We put K = C, and fix a geometric Newton polygon r^^°"^ C M^. 
Then the set of degenerate polynomials in two variables with respect 
Ygeom cQ]2tains an open set, for the Zariski topology, consisting of arith- 
metically non degenerate polynomials. The proof of this fact is similar 
to P page 157]. 

4.3. Examples. The following three examples illustrate the above def- 
initions for specific polynomials, we assume that K is a field of char- 
acteristic zero. 
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Example 4.1. We set f{x,y) = (y^ 



X 



2\2 



+ x'^y'^ G K[x,y]. The 



polynomial f{x,y) is a degenerate, in the sense of Kouchnirenko, 
semi-quasihomogeneous polynomial with respect to the weight (3, 2). The 
origin of K^ is the only singular point of f{x,y). In this case the 
arithmetic Newton polygon of f{x,y) is equal to F/^i. The boundary of 
the Newton polygon Tf^i is conformed by the straight segments 

and the half-line |(z,w) G M^ | w = O}. Thus Vi = do = 12, Si = 
2,T>2 = 20, Tq = 0, Ti = 4. The arithmetic Newton polygon Tfi is 
showed in the next figure. 



2-2, < 2 < 4, 
8, z>A, 



J 



2\2 I 4 4 
X ) + X y . 



Figure 1. r^(/) 

The face functions are 

f{o,o){x,y) = {y^ -x^f, f(4,8){x,y) = {y^ 

Since f(ifi){x,y) does not have singular points on K^"^, f{x,y) is arith- 
metically non degenerate. 

Example 4.2. We set 

g{x, y) = {y^ - x'^f + (y^ - x^fx^y^ + {y^ - x'^fx^'^ + x^^ G K[x, y]. 

The polynomial g{x,y) is a degenerate, in the sense of Kouchnirenko, 
semi-quasihomogeneous polynomial with respect to the weight (3,2). 
The origin of K^ is the only singular point of g{x,y). It can be de- 
composed as 

gix, y) = go{x, y) + gi{x, y) + 5-2(3;, y) + g^^i^x, y), 

where 

9o{x,y) 
9i{x,y) 
92{x,y) 
93{x,y) 



(y^ — x^)^, hence do = 30, eo,i = 5 and Wo,i = 5z; 
(y^ — x^f'x^y'^, hence di = 42, ei^i = 3 and wi^i = 12 + 3z; 
(y^ — x^)^x^^, hence ^2 = 48, 62,1 = 2 and W2,i = 18 + 2z; 
3 = 72, 63 1 = and ^31 = 42. 



x^^, hence d. 
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Since gQ{1^9°') = has only one root, 9 = 1, the arithmetic Newton 
polygon T^ {g) of g{x,y) is equal to Tgi. The boundary of T^ (g) is 
conformed by the straight segments 

wi^ii^z) = 5z, < z < 6, 
W2,i{z) = 18 + 2z, 6<z<12, 
W3,i{z) = 42, z^l2, 

and the half-line {^{z,w) G M^ | w = O}. Thus T>i = d^ = 30, £i = 
5, V2 = 48, S2 = 2, P3 = 72, £; = 0, tq = 0, n = 6, ra = 12. 

We observe that the line w{z) = 12 + 3z meets Tgi only at (6,30). 
The arithmetic Newton polygon of g is showed in the next figure. 




10 12 14 16 IS 20 22 24 26 28 30 



2\2 12 



Figure 2. V^ (g) . 

The face functions are 

9(o,o)ix,y) = {y^-x^f, 

9{6M^^y) = {y'-x'f + {y^~x^fx''y^ + {y^ 
5'(i2,40) (a;, y) = (y^ - x^)^x^^ + x^^. 

Since g{6,3o){x, y) = {y^ — x'^) {{y^ — x'^Y + {y^ — x^) + x^"^) has singu- 
lar points on {K^) , g{x,y) is arithmetically degenerate. 
Example 4.3. We set 

/i(x, y) = (y^ - x')\y' - ax') (y' - bx') + x^' G K[x, y], 

with 1 ^ a ^ b. The polynomial h{x, y) is a degenerate, in the sense 
of Kouchnirenko, semi-quasihomogeneous polynomial with respect the 
weight (5,3). The origin of K^ is a singular point ofh{x,y), and there 
are no singularities on the torus (K^) . In this case the arithmetic 
Newton polygon of h(x,y) is equal to T"^ [h] = {Th^i, Th^a, ^h,b}- The 
boundary of Newton polygon Th^i is conformed by the straight segments 

u)i,i{z) 



^2,l{z) 



4z, 
10, 



0<z< 

5 
z ^ -, 

2' 



20 
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and the half-line {^{z, w) G M^ | w = O} . The arithmetic Newton poly- 
gon Th 1 is showed in the next figure. 




J 



10 12 14 



Figure 3. Th,i. 

The face functions are 

ho,o)i^^y) = {y^ -x^iy^ -ax^){y^' -hx^) 
/i(5io)(x,y) = {y''-x'')\y''-ax''){y''-hx^) + 



X' 



20 



Since 



„3n/„,5 



h(lw){x, y) = (r - xTiy - ax'){y'' - bx') + 



X 



20 



has no singular points on (K^), f{x,y) is arithmetically non degen- 
erate with respect to Th,i- 

The boundary of the Newton polygon Th^a is conformed by the straight 
segments 






z, < z < 10, 
10, z > 10, 



and the half-line |(z, w) G M^ 

gram V^^^ "^s showed in the next figure. 



z,w) E Ml I tu = O}. The arithmetic Newton dia- 




10 12 14 



Figure 4. F, „. 
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The face functions are 

h(o,o){x,y) = {y^-xY{y^-ax'^){y^-bx'^), 
h(w,io) (x, y) = {y^ - x^)^{y^ - ax^) {y^ - hx^) + x^^ . 
Since 

/i(io,io) {x. y) = {y^ - x'^Yiy^ - ax"^) {y^ - bx^) + x^^ 

has no singular points on (K^) , f{x,y) is arithmetically non degen- 
erate with respect to Tfi^a- The Newton polygon Th^h is equal to Tha- 
Thus the polynomial h{x, y) is arithmetically non degenerate with re- 
spect r^ . 

5. Degenerate integrals of type Z{s,f,v,A) 

In this section using the notion of arithmetic non degeneracy intro- 
duced in the above section, we shall compute explicitly degenerate 
integrals of type 

Z{s,f,v,A) = / I f{x,y) \l\ dxdy |, 

E 

where 

A := {a,b)R+, and E := {{x,y) G Ol \ {v{x),v{y)) G A}, 

and f{x,y) G Ov[x,y] is a degenerate, in the sense of Kouchnirenko, 
semi-quasihomogeneous polynomial with respect to the weight {a,b), 
but arithmetically non degenerate with respect F^ (/) = UeFje. From 
now on, we shall consider only those Tfo for which 9 E O^. The reason 
is that the F/e, with 6 E L^ \ O^, do not contribute the poles of 
Z{sJ,v,A). 

Definition 5.1. For a semi-quasihomogeneous polynomial f{x,y) G 
Ly[x,y] non degenerate with respect to F^(/) = U^g eOv\Mi,e'^)=o}'^f,e, 
we define 
(5.1) 

-D^F ^ Tij ^ (g + 6) + Tj {a + b)+Ti \ i i i j 1 . 
'-^{^ f,e )■=[){- t: ,-:f. —7 — -, — -n , c^ J U U i^c J' 



t-1 |^^_l_i^o| 



and 



(5.2) ViT\f)):= U ViTf,). 

{e eo„|/o(i,6»°)=o} 

The data Vi, Si, Ti, for each i, are obtained from the equations of 
the straight segments conforming the boundary of Fjg. 

The main result of this section is the following. 
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Theorem 5.1. Let f{x,y) = J2j=q fji^yV) ^ Ov[x,y] be a semi- 
quasihomogeneous polynomial, with respect to the weight {a,b), with a, 
b coprime, fj{x,y) as in \4-4^ - U fi^iV) is arithmetically non degener- 
ate with respect to V'^i^f), then the real parts of the poles of Z{s, f,v, A) 
belong to the set 

{-i}U{-^}U^(r"(/))- 

The proof wiU be given at the end of this section, and it wiU be ac- 
comphshed by computing exphcitly several p— adic integrals. Moreover 
the proof provides an effective method for computing these integrals. 

The following two examples illustrate the theorem. 

Example 5.1. We set f{x,y) = {y^ — x^)^ + x'^y'^ G L^\x,y\. We 
suppose that the characteristic of the residue field is different from 
2. The polynomial f{x,y) is arithmetically non degenerate, semi- 
quasihomogeneous polynomial with respect to the weight (3, 2) (see ex- 
ample ^.1]) . In this case, we have the following data attached the 
arithmetic Newton polygon T^{f) = F/^i, a = 3, b = 2,1)1 = do = 12, 
Ti = 4:,Si = 2, V2 = 20. Thus according the above theorem, the real 
parts of the poles of the integral Z{s, /, v) belong to the set 

{-i}U{-^}U{-5--|}- 

In subsection (13. Hi . we computed explicitly the local zeta function 
Z{s,f,v) (cf. dSHI)). 

Example 5.2. We set g{x,y) = {y^ — x"^)"^ {y^ — ax'^) + x'^y^ G Ly[x,y], 
with a ^ 1 mod it. We assume that the characteristic of the residue field 
of L^ is different from 2. The polynomial g{x,y) is quasihomogeneous 
with respect to the weight (3,2). The origin of L^ is the only singular 
point of g{x,y). 

The arithmetic Newton polygon T^(g) = {Tg^i, Tg^a}- The boundary 
of the Newton polygon Tg^i is conformed by 

wi^i{z) =22, < 2 < 1, 

^2,1(2;) = 2, z^ 1, 

w{z)=0, z^O. 

Thus Vi = do = 18, Si = 2, P2 = 20, S2 = 0, tq = 0, n = I. The 
polynomial is arithmetically non degenerate with respect Tgi. Accord- 
ing to the previous theorem the contribution of the arithmetic Newton 
polygon Vgi to the set of real parts of Z{s,g,v) is { — ^, — ^}- 
The boundary of the Newton polygon Tga is conformed by 

'Wi,i{z) = z, < z <2, 

W2,iiz) = 2, z^2. 

w{z) = 0, z^O. 
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Thus Vi = do = 18, Si = 1, 1)2 = 20, S2 = 0, tq = 0, n = 2. The poly- 
nomial is arithmetically non degenerate with respect Tg^a- According to 
the previous theorem the contribution of the arithmetic Newton polygon 
Vga to the set of real parts of Z{s,g,v) is {—1, ~^}- Then according 
to the previous theorem the real parts of the poles of Z{s,g,v) belong 
to the set {— 1} IJ{~^} U{~i' ~|)} U{~^}- In subsection ^T^, we 
computed explicitly the local zeta Z{s,g,v) (cf. I'^.'l^) ). 

5.1. Some p—adic integrals. 

Proposition 5.1. Let f{x,y) G Oy[x,y] be a semi-quasihomogeneous 
polynomial, with respect to the weight {a,b), with a, b coprime, and 

h 

(5.3) f^^'\x,y) := 7r-'^»"^/(7r'^"a:, Tr^^y) = ^7r('^^-'^°)"^/,(x,i/), 

j=0 

with fj{x,y) as in ^-41 ), o-nd m ^ 1. Then there exists a measure- 
preserving bisection 

{u,w) -^ {^i{x,y),^2ix,y)), 

such that Z'^™'^ o ^(x,y) = u^^w^^^ f^"^\u, w) , with f'^"^\u,w) non van- 
ishing identically on the hypersurface uw = 0, and 

^_ '/ _ 

(5.4) /M(u,w) = ^7r('^^-'^°)'^/j(M,w), 

i=o 
with 



fj{u, w) = CjU^^w^^ W(^- ^ijT'' ' 



or 

i=l 

h 
(5.5) fj{u, w) = CjU^'w^' n "^-^ ~ ctijuY'-' . 

Proof. We denote by $1 the map 

{u,w) -^ {x,y), 
with X = u, y = uw, and by $2 the map 

{u,w) ^ {x,y), 

with X = uw, y = w. 

Since | det^'i{u,w) |^= 1, and| det$2(-u, w) \^= 1, the maps $1, 
$2 give a measure-preserving bijection of O^ ^ to itself. We shall show 
that $ is a finite composition of maps of the form $1 or $2- The proof 
will be accomplished by induction on min{a,6}. 
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Case min{a, 6} = 1 

In this case, it is sufficient to take $ as follows: 

$1 o ■ ■ ■ o ^i if a = 1, 

fR I 6— times 

~ $2 O ■ ■ ■ O $2 if 6=1. 



Induction hypothesis 

Suppose by induction hypothesis that the proposition is valid for all 
polynomials f^"^'{x,y) of the form ()5.3|1 satisfying 1^ min{a, 6} ^ k, 
with k ^ 1. 

Case min{a, b} = k + 1, k ^2 

Let /^™^(x, y) be a polynomial of the form ()5.3j) satisfying min{a, 6} 
fc + 1, fc ^ 1, and a > b. By applying the Euclidean algorithm to a, b, 
we have that 

a = qib + ri, ^ ri < 6, 

for some gi, ri G N. Because a, b are coprime, necessarily 1 ^ 

ri < 6. 

$2 o ■ ■ ■ o $2 

We set \1/ = ^ V ' , i.e. x = uw''^, y = w, thus 

gi — times 

with f*^'^\u^w) non vanishing identically on uw = 0, and 

(5.6) r^"'\u,w) = ^7r(^^-'^°)'"/;(«,^), 

j=o 

with 

h 

i=l 

Since minjri, b} = ri, and 1 ^ ri ^ 6 — 1 = k, by applying the induc- 
tion hypothesis applied to the polynomial /**■'"•' ('U,f) in ()5.6|) . there 
exists a map 0, that is a finite composition of maps of the form $i or 
$2, such that (/(™) o ^) o = /("^) o (^ o 0) = m^>w*^' f^^^Ku, v), and 

/(™')(m, f) has all announced properties in the proposition. Therefore, 
it is sufficient to take $ = \1/ o 0. 

The case 6 > a is proved in an analogous form. D 

Remark 5.1. We can suppose without loss of generality that 

^_ '/ _ 

(5.7) f("^){u,w) = Y,^^''~''^^fAuM. 

j=0 
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with 

h 

(5.8) fj{u,w) = CjU ^w^^ TT {w — ctijY^'^ , with Cj, aij G L^ . 

i=l 

We define 

I{s,f<"^\v,Of):= [ \j<"^\x,y)\:\dxdy\. 



Proposition 5.2. Let f{x,y) G Oy[x,y] be a semi-quasihomogeneous 
polynomial, with respect to the weight {a,b), with a, b coprime, and 
(5.9) 

i=o 

with fj{x,y) as in \4-4\ )- There exists a constant Mq such that if m '^ 
Mq, then 

oo „ 

(5.ie) J2 E'?"' / I f^'^K^,o + ^''y)\:\dxdyi 

{9gO.|/o(l,9-)=0} fc=l ^x ^^x 

where UQ{q'") is a polynomial with rational coefficients. Moreover, the 
polynomial f/o(g^'^) and the constant Mq can be computed effectively. 

Proof. Proposition 15.11 implies tliat 

(5.11) ^ 

I{s,f^"^\v,Of) = I I /(™n^,2/) i:i dxdy 1= / I /M(x,i/) |:| dxdy \ 



qX2 qX2 

We set 

i?(/o):={0GO,|/o(l,n = O}, 

/(/o):= max {v (9 - 6')} , 

e,e'eR{fo) 

and 

B{9) = B{1 (/o) , 9) := O:: x{e + n'+'^MOy) , for ^ G O,, witli v (9) < I (/o 
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With the above notation, ii 6 = ai^^, then 

I. 



V fj (x, y) 



v{c,) + BXd) + E e^,JV {9 - a, J if f, (1, 9) ^ 0, 






v{cj) + Bjv{9) + Y. Cijv {9 - aij] 
i = 1 
i ^io 
+ei,j (1 + / (/o)) + ei,jv i^^i^) 



if /,(1,^) = 0, 



for every {x, y) E B {I (/o) , 9). We put 



vie,) + B,v{9) + E e.,,t; (^ - a,,,) if /, (1, 9) ^ 0, 



j=i 



Const {j,9) := < 



i;(cj) + Bjv{9) + Yl %3'" (^ - "ij) 
z = 1 
2 ^ io 

+e^o,.(l + U/o)) 



if /,(1,^) = 0. 



Then, ii 9 ^ R (/o), and m ^ Mq, with 
Mo: = 



max {Const (0,9) + 1- Const (j, ^) } 



it holds that 

v(f^Hx,y)) = Const (0,9), 

for every (x, y) E B (I (/q) , ^). From the above calculations follow that 

(5.12) ^ 

I /('")(x,y) 1^1 dxdy 1 = 1 Const (0,^) |^ , if ^ i R{h) , and m ^ Mq. 



B(K/o).e) 



By subdividing O^ x O^ into equivalence classes modulo ij:'^+'-^f°\ and 
using ()5.11|) . and ()5.12|) . we have that 



(5.13) /(s,/('"),t;,Of) = ^o(g-^)+ Y. / \f^'^Kx,y)Udxdy 



for m ^ Mq, where Uo{q~'^) is a polynomial with rational coefficients. 
Moreover, the polynomial Uo{q^^) and the constant Mq can be com- 
puted effectively. D 
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The integral Jg.g^ | f^^\x,y) \l\ dxdy \, ioi 9 E -R(/o), admits the 
following expansion 



oo „ 

J2l'' / I f^"'Kx,0 + 7r''y)\:\dxdy 

1 1 ^ 






J2 q'" J I f(^K^,0 + iT'y)\:\dxdy 

oo „ 

+ J2 1'J I f^'^Kx,e + n'y)\:\dxdy 



'==2+^(^°) OS .OS 



(5.i%^+ E q-' I I f("^K^,0 + n''y)\:\dxdy 



OS xoS 
(cf. lemma EH). We set 



oo „ 

J{s,m,e):= Yl ^'' J \f^'^\x,e + iT'y)\:\dxdy 



'==2+'(^°) OS .OS 
Then from (J5T8|l and (J5T4|l follow that 



(5.15) J(,,/M,^,Of) = -^^^^+ J2 As,m,9), m ^ Mo, 

where U{q~^) is a polynomial with rational coefficients. 
The polynomial /(™)(x, ^ + ii^y) can expressed as 

(5.16) /M (x, ^ + vr^) = J] C(j, ^)7r('^^-'^°)"^+^^-«7,(x, i/)y^-«, 

for A; ^ 2 + /(/o), with C(j, ^) = Const(j, ^)c, G L,^ and |7,(x,2/)L = 
1, for every {x,y) e O^ x O^. 

Given a real number x, [x] denotes the greatest integer less than or 
equal to x. 

Proposition 5.3. With the hypothesis of proposition f3^ If f{x,y) is 
arithmetically non degenerate with respect to T j^q^ then 
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j(.,m,9) = (i-<;-vE i:„-aH-..,., 

i=0 ^ 



2 -(X'i+i-do)ms-(l+s£'i+i)[mTi] 



j=0 

r-1 

I 

{'Di+i-do)ms-{l+s£i+i)[mTi+i] 



i=0 ^ 

-{l + sSr + l) 

1(1 _ „-l\2 'i -(X'r+i-(io)ms-(l+S'£r-+i)[m-rr] 

r 
(5.17) +^^-(X'.-<io)ms-(l+.£,)[™r.]j.(^^^)^ 

i=l 

where Ti, i = 0,1,- ■■ ,r, are the abscissas of the vertices of Tj^g , 
and Ii{s) = -jz^rrrrr-, Mi{q~'^,m) G Q[5'~^], i = 1, 2, ■ ■ ■ ,r. Moreover, 
there exists a constant c{f) such that if m ^ c{f), then Ii{s) does not 
dependent on m. 

Proof. The proof is based on an explicit computation of the w— adic 
absolute value of /(™')(x,6' + vr'^y), when x, y E O^ . In order to 
accomplish it, we attach to /("^^(x, O + n^y) the convex set F ~;j j. 

defined as follows. We associate to each term 

(5.18) C(j, ^)7r('^^-'^'')'"+^"^-«7,(x, y)y'^'<' 

of /(™')(x, 9 + Ti^y) (see fl5.16p ) an straight line of the form 

^i,e(20 := {dj - do)m + Cj^z, j = 0, 1, ■ ■ ■ , //, 

and associate to /('"^(x, 9 + ix^y) the convex set 

(5.19) V-^--, , , = {(z,!?) e Mi I w < min {w^eiz)}}. 



Now, we set 



^'m. 



(m,w) — > {U,W), 

with M = ^, z = ^. Then ^^(1^,9) = T^^,^^^^^^,^^ (see definition 

I4.H|1 . The homomorphism (]„, sends the topological boundary of F/e 
into the topological boundary of T ~ , , ^ ... Thus the vertices of 

/(™)(x,6»+7r'=y) ^'■^ 

(5.20) nUQ,) ■■= I (^^^^ (p^ _ j^)^ ^ ^^^^^) if z = 1, 2, ■ ■'■ , r, 
where the Tj are the abscissas of the vertices of rj(m) ^ (cf. ()4.8|) . 

If 

?7i ^ max {t; (C(j, ^))} , 
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then I f^"^\x,9+n''y) |^ can be computed from F ^j j. , as follows 

(we use the notation introduced at ()4.6|1 . ()4.8|1 . and ()4.9|1 ): 

If mTj < k < rriTi+i, i = 0,1,- ■ ■ , r — 1, then 
(5^) 

I f(^)ix,e+n'y) U= q~i^.^^-'io)m-s.^.k |c(^ + 1, ^)|^ , (x,y) G O,^ xO,^ . 

If A; > rriTr, then 
(5^) 
I f(^){x,e+7r'y) U= q-i^r+^-<io)m-s.^^k \c{r + 1,6)1 , {x,y) ^ O^ xO^ . 

li k = rriTi, i = 1,2,- ■ ■ ,r, then 

(5.23) I f^){x,e + 7f''y)U= 

^-iv.-^o)rn-e., I /£5j;^)(x,y) + vr-(^--^^)(...)|.,(x,y)G0,^ xO,>< 

with 

^m{v^+i~Vi) ^^gj,]^g ^ith weighted degree ^ ^i+i) , 
and 

/Sq.)(^,1/)= E 7.(x,1/)2/^'^ 

W'i,6)(f^m(Qi))=0 

here Wifi{z) is the straight line corresponding to the term 

In addition, we note any k & N, k ^ 1 satisfies only one of the 
following conditions: 

[■mT.i\ + I < k < [mrj+i] - 1, z = 0, 1, • ■ • , r - 1; 

k = [mTi] , 2 = 0, 1, ■ ■ ■ ,r; 

or 

k ^ [rriTr] + 1. 

Then by using ()5.2H) . ()5.22|1 . (j5.23|l . and the previous observation, 
it follows that 
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OO p. 

J{s,m,e) = J2 ^'1 \f'^'^Kx,e + 7r'y)\:\dxdy\- 

r-1 / [mri+i]-l 

i=0 \ j=[mTi]+l 

OO 

_|_n _ 0^1)2 y^ -(Vr+i~do)ms-{l+s£r+i)j 

j = [mTr] + l 

r 
(5.24) + Y^ q~{T^r~do)ms~a+s£,)[mn]j.(^s^^ 

1=1 

with 

/ I /fC(Qi)(''''^)+^"'^'^^~^ (higher order terms ) |^| dxdy \ . 



Us) ■■- 



oi- 



Since fo^iQ.dx, y) + tt'^-^'+i -^'^ (higher order terms ), and f^in^ix, y) 

do not have singular points on {L^) (cf. proposition 15. Ij) . there exists 

a constant Co(/) such that 

(5.25) 



h{s) = I I /SQo(x,y) M dxdy \= ^^^, U.{q-1 e Qfe" 

for m ^ Co(/) (cf. lemma l^!T|) . Finally, the result follows from ()5.24|) . 
by using the algebraic identity 



^ = 1, 



B 



k 



^A _ ^B+l 



(5.26) $:,_ ^_ . 

k=A 

The constant c(/) = max {co(/), maxj^g {v {C{j, 0))}} . O 

5.2. Some algebraic identities. The following algebraic identities 
follows easily from ()5.2(ij) . These identities will be used later on for the 
explicit computation of certain p— adic integrals. Let s be a complex 
number, and i, cq non- negative integers , with cq ^ 1. 



OO 

Q 

m=co 



S (s i C ) ■ = N ^ ^-{a+b)m-doms-{'Di+i~do)ms-{l+s£i+i)[mTi] 



y-CQ(a + b)-CQdQS 



if i = 0, 



l — q-ia + b)-dQ3 

^£,-£,+,-1 f g-^u-M^.+h^) \ 
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with 



Ti 



f —F ' 



Co 



Ai:= { 



1 

C(l 



if 



/^o, 



if / = 0, and 
if / = 0, and 



CO 



£r-£. 



i+1 



£^-S, 



Bj^i ■.= {a + b)l + [lT.i\ + s{[lTi]£^^, + IV ^^,), 



i±i_ 



^1, 



^. ;= (a + b){Si - £i+i) + ("Di+i - Vi 



6, := V,^,{S, - S^^J + {V^^, - V,)S^^^. 



S2{s,i,co) 



\ ^ ^— {a+b)m-(ioms-(r>j_|_i-iiQ)ms-(l+s£'i+i)[mri+i] 



9 

m=l 

^1+1— ^1+2 — 1 



E ^ 



z=o 



-Gi,;-Hj(pi+o-is) 



— q~Pi~<^i^ 



i = 0,--- ,r-l, 



with 



Tj+l 



^t+1— ^i+2 ' 



CO 



i//:= < 



£i+l—£i + 2 
1 

CO 
£i + l— ^i + 2 



if / ^ 0, 

if / = 0, and 
if / = 0, and 



CO 



£i + l^£i+2 

Co 
£i + l—£i+2 



G,^i := (g + h)l + [Zr^+i] + s([/r,+i]g,^^ + /P^^J, 



= 0, 
>1, 



Pi := (a + 6)(£:, 



i+l — £i+2 



(^. 



j+2 



A+1 



(5i := Vi+i{Si+i - S^^^) + ("D^+j - 'Di+i)£:^_^j. 



Remark 5.2. With the above notation, the real parts of the poles of 
Si{s,i,Co), 5*2(5, i, Co), belong to the set P(Tfg) U { — ^}. 

5.3. Proof of Theorem 5.1. The integral Z{s,f,v,A) admits the 
following expansion: 



f{x,y) \l\ dxdy 



'7r'""0,^X7r''™0,^ 



ZisJ,v,A) = J2 I 

m=l „ 

00 „ 

= ^ g-('^+^)™ -'^o ™^ / \ f^"'\x,y) \l\ dxdy 

m=l „, 



(5.27) 
with 



f^"'\x,y) = n-"''^'>fin^"'x,n'^y) = ^ 7r(^^-^")'"/,(x,i/). 

i=o 
The integral 
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I{f^"^\s,v)= J \f^"^^{x,y)\l\dxdy\ 

is equal to 

(5.28) I{sj(-\v,Of)= ^^^'^_2s + E Jis,m,9), 

{eeo,^|/o(i,0")=o} 

for m big enough (cf. I5.15|) . Thus from ()5.27|) . and ()5.28|) . it follows 
that 



Z{sJ,v,A) = ^ '\,_^ + 



1-q 



^s\ 



(5.29) Yl Yl q'^"^^^'""^°""'Jis,m,e) 

{eGOi^|/o(l,6»<^)=0} \m=c{/) 

where the constant c(/) is defined in proposition 15.31 By using the 
explicit formula for J{s,m,6) given in proposition 15.31 for m ^ c(/), 
and the algebraic identities given in subsection 15. 2[ we have that 



J2 q~(-+b)m-domsj^^^^^Q^ _ Ueiq^n 



(1-g-i 

m=c{f) ^ ^ 



''-^ q-(s£.+i+i) 



i=Q ^ 

-(1 - q-'f Yl i_„-(i+s.,+.) ^^("' '' ^o) 



.=0 - ^" 






(5.30) +J2^^is)S2{s,^-l, 



Co 



5 '^uj^ 



i=l 



where Ug{q~^) G Q [q~^], and the data £i, Vi, i = 1,2, ■ ■ ■ ,r, depend 
on the arithmetic Newton polygon Fje Now by remark 1^^ the real 
parts of the poles of Si{s, i, Cq), S2{s, i, Cq), belong to the set V{Tfg). 
Then the real parts of the poles of 



J2 Yl (l~^'"^^^'"~'^°'"'J{s,m,d) 

{eeO„^|/o(i,e'')=o} \m=c(f) 
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belong to the set |-^| J U T^i^ffi), and from f:^ 

follows that the real parts of the poles of Z{s, f, v, A) belong to the set 

{-i}U{-^}U U m,»)- 

° {eeoj/o(i,0")=o} 

6. Main result 

In this section we prove the main result of this paper that gives an 
explicit list for the possible poles of a local zeta function attached to an 
arithmetically non degenerate polynomial in terms of the corresponding 
arithmetic Newton polygon. 

6.1. Local zeta functions for arithmetically non degenerate 
curves. Let f{x, y) G L.u[x, y] be a non-constant polynomial satisfying 
/(0,0) = 0, and 

(6.1) M^ = {(0,0)}U U A„ 

7cr9=°'"(/) 

a simplicial conical subdivision subordinated to T^'^°'^{f). We denote 
by a^ = (ai(7), 02(7)) a perpendicular and primitive vector to facet 7 
of r^^''™'(/), and by < a, X >= dai^j) the equation of the corresponding 
supporting line. We also define 

p(r5--(/)) := |_^lM±^ I ^ a facet of r^^°"^(/), with ^,(7) y^ 0}. 

The following is the main result of the present paper. 

Theorem 6.1 (Main Theorem). Let f{x,y) G Ly[x,y] be a non- 
constant polynomial. If f{x,y) is arithmetically non degenerate with 
respect to its arithmetic Newton polygon T^{f), then the real parts of 
the poles of Z{s,f,v) belong to the set 

(6.2) {-i}Up(r^— (/))Up(r^(/)). 

Proof. By taking a simplicial conical subdivision, the computation of 
Z{s, f, v) is reduced to the computation of integrals of type Z(s, /, f , O^^), 
and Z(s, /, v, A^), with 7 a proper face of r^^°'^(/) (see subsection 
12. 2|) . By lemma I2II] the real parts of the poles of Z(s,/, f,0^^) be- 
long to the set { — 1}. The computation of the integrals Z(s, /, v, A^), 
for 7 a proper face of r^'^°™'(/), involves two cases, according if the 
semi-quasihomogeneous polynomial f{x,y), with respect to a^ = 
(01(7), 02(7)), is geometrically non degenerate or not. If A^ is a one- 
dimensional cone, and f^{x,y) does not have singularities on (L^) , 
then the real parts of the poles of Z{s, f, v, A^) belong to the set 

(6.3) {-1} \J{-^} ^ {-1} \JV{T^^-{f)), 
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where ax + by = d^, d^ ^ 0, is the equation of the supporting hne of 
the facet 7 (cf. lemma IT^ . If A^ is a two-dimensional cone, /^-(x, y) is 
a monomial and then it does not have singularities on the torus (L^ ) , 
by lemma 1221 ^(s, /, f , A^) is a entire function. 

If A^ is a one-dimensional cone, and f\{x,y) has singularities on 
(L^) , then f{x, y) is a semi-quasihomogeneous arithmetically non de- 
generate polynomial, and thus the real parts of the poles oi Z{s, /, v, A^) 
belong to the set 
(6.4) 

{-1} [j{-^}[jV{T^{f)) C {-1} [jV{T^^-{f))[jr{T^{f)), 
(cf. t heorem 15 . 1 1) . Therefore the real part of the poles oi Z{s, /, v) belong 

to the set {-i}U^(r^'°"'(/))U^(r^(/))- n 



[1 
[2: 
[3 
[4 

[6: 
[7: 

[8 
[9 

[lo; 

[11 
[12 

[13 

[14 
[15 

[16; 
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